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Abstract. We prove that the 1 Laplacian equation — div = / in 
an open set Q, C cannot have a solution in Wq'^{Q,) for any datum 
/GL^(r!). 



1. Main result 

Let C be an open set. The goal of this paper is to give a proof of 
the following result: 

Theorem 1.1. There exists no function u G Wq^'"'^(0) such that Vu / a.e. in $7 
and 

div^GL^(17). 

|Vn| ^ ' 

The equation — div |^ = / is the counterpart for p = 1 of the p Lapla- 
cian equation 

-\u = - div (|Vu|P~2vn) = /. 
For every 1 < p < +oo, the p Laplacian gives a continuous bijection from 
VFq •P(O) into the dual space {Wl'^{^))'; see [|6i Theoreme 2]. 

Every function u E VF^'^(O) such that Vu ^ a.e. in has a 1 Laplacian 

i\^U = dlV 

\Vu\ 

in the sense of distributions: for every (p € C'^{Vl), 

/" ^ 

(Aiu,(/9) = - j 1^ • V(/5. 

Since G L°°(0), wehave Am G (Wo'^(f]))'. Moreover, by the Gagliardo- 

Nirenberg-Sobolev imbedding, L^(rj) c {wI'^{Vl))'. Hence, according to 
Theorem ll.il for every u G WQ^'^(r2) such that Vn ^ a.e. in VL, 

We can get a flavor of this lack of surjectivity for the 1 Laplacian by look- 
ing at what happens to a smooth function: 
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Example 1. Let Bi{0) be the unit ball in and let u : Bi{0) ^ R be the 
function defined by u{x) = 1 — In the sense of distributions we have 

for iV = 1, 

-div— ^ = 26o, 
Vn 



while for N >2, 



, Vu N -I 
div ■ 



Thus, in all cases, div ^ ^ L'^ (0). 

Theorem 11.11 clarifies the degenerate limit behavior of solutions of the 
p Laplacian equation as p tends to 1 that has been studied by several au- 
thors, starting with a pioneering work of Kawohl ||4ll8l- [T0l - There have been 
some attempts to give a meaning to a renormalized solution to equations 
involving the 1 Laplacian somewhat motivated by these works llHsHsHZl- 
In general such renormalized solutions merely belong to BV{Q) or do not 
satisfy the Dirichlet boundary condition. In [7, Remark 3.10] there are ex- 
amples of renormalized solutions for the Dirichlet problem 

j -Aiv + v = h in BniiS), 
y u = on dBR{fd), 

for various choices of /i G L°°(i?/j(0)). For instance, for every N < r < R, 
the functioniir = {'^ — N/r)xBr{o) is a renormalized solution of this problem 
with datum hr = XBr{o)- Note that ifr < R then Ur is a BV function, while 
if r = i? then Ur is a W^'^ function which does not vanish on the boundary. 

In Theorem I l.li the assumption Vu / a.e. in Q cannot be relaxed by 
assuming that there exists a vector field Z G L°°{Q; M.^) such that 

(1.1) \/u-Z = \\/u\ a.e. in r^, 

in which case Z would play the role of j^^: 

Example 2. For any < r < 1, let : Bi (0) ^ R be the function defined by 



l^p if > r, 
if \x\ < r. 



Then, Ur € Wq'^{Bi{0)). If Zr : Bi{0) is any smooth extension of the 

function x € Si(0) \ Br{0) ^ -|f| G M^, then Ur and Zr satisfy dLl]) and 
divZ^ € L°°(Bi(0)). 



2. Proof of Theorem qTI 



Assume by contradiction that there exists a function u satisfying the as- 
sumptions of the theorem. Let / G L^(n) be such that for every cp G 
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Note that € and by the Gagliardo-Nirenberg-Sobolev imbed- 



N 



ding, u G (0). By density of C^i^) in wI'^{Vl), we deduce that for 

every u G VFo'^(O), 

n n 

We show that u < a.e. in $7. For this purpose, for every k > let 
: M -)> M be the function defined by 



if t < K, 
t — K iit>K. 



Since u G W^'\n),we have G^{u) G Vl/o'^(^^). Hence, 

^ • VG,(n) = G;(n)|Vn| = |VG«(n) 
Applying identity (|2.Hl with test function Gi^{u), we get 



\VG^{u)\ = / /GJtx) 



Since G^ vanishes on the interval (— oo,k], by Holder's inequality we 
have 



n {u>k} 

Thus, 



|VG,(n)| < \\fhN^{u>.})\\Gn{u)\\^^^^^. 

By the Gagliardo-Nirenberg-Sobolev inequality, 

llG.(n)||^^^^^<G| |VG«(tx)|, 

for some constant G > depending only on the dimension N. Hence, 

(2.2) (l-G||/||i.({,>,„)||G.(n)||^^^^^ <0. 

Assume by contradiction that n > a.e. on a set of positive Lebesgue 
measure and let T = We have 

^lim 11/ IIl^ ({«>«}) = ll/llL^({n=T})- 

We observe that the set {u = T} has zero Lebesgue measure. This is 
indeed the case when T = +oo since u is finite a.e. When T < +oo, we 
observe that Vn = a.e. on the level set {u = T}; since by assumption 
Vti 7^ a.e. in U, the set {u = T} must have zero Lebesgue measure. 

This implies that 

jim, ll/llL^({n>K}) = ll/llL^({n=T}) = 0- 



4 



LUIGI ORSINA AND AUGUSTO C. PONCE 



In particular, there exists < k < T such that 

c||/||l^({«>k}) < 1- 

We deduce from (ESJl that 

||G^(n)|| N <0. 

Therefore, u < k a.e. in Q. Hence T = \\u'^\\L°°{n) < '^z ^rid this contradicts 
the choice of k. 

We conclude that u < a.e. in Q. Since the function —u satisfies the same 
equation with datum — /, we also have —u < a.e. in Q,. Thus, u = a.e. in 
Q, which cannot be the case. The proof of the theorem is complete. □ 
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